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An analytical technique, namely the homotopy analysis method (HAM), is applied using a com-
puterized symbolic computation to find the approximate and exact solutions of nonlinear evolution
equations arising in mathematical physics. The HAM is a strong and easy to use analytic tool for
nonlinear problems and does not need small parameters in the equations. The validity and reliability
of the method is tested by application on three nonlinear problems, namely the Whitham-Broer-Kaup
equations, coupled Korteweg-de Vries equation and coupled Burger’s equations. Comparisons are
made between the results of the HAM with the exact solutions. The method is straightforward and
concise, and it can also be applied to other nonlinear evolution equations in physics.
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1. Introduction

Since the world around us is inherently nonlinear,
nonlinear evolution equations are widely used to de-
scribe complex phenomena in various fields of sci-
ences, especially in physics, such as plasma physics,
fluid mechanics, optical fibers, solid state physics, non-
linear optics. Exact travelling wave solutions of non-
linear evolution equations are one of the fundamental
objects of study in mathematical physics. These ex-
act solutions, when they exist, can help to well under-
stand the mechanism of complicated physical phenom-
ena and dynamical processes modelled by these non-
linear evolution equations. In the past several decades,
many significant methods [1 — 9], namely the extended
tanh function method, F-expansion method, extended
mapping method, Jacobi elliptic function method,
variational iteration method, Adomian decomposition
method, generalized auxiliary equation method have
been applied.

In 1992, Liao [10- 18] employed the basic ideas of
homotopy in topology to propose a general analyti-
cal method for nonlinear problems, namely the homo-
topy analysis method (HAM). Based on homotopy of
topology, the validity of the HAM is independent of
whether or not small parameters exist in the consid-
ered equation. Therefore, the HAM can overcome the
foregoing restrictions and limitations of perturbation

techniques [19]. The HAM also avoids discretization
and provides an efficient numerical solution with high
accuracy, minimal calculation, and avoidance of phys-
ically unrealistic assumption. Furthermore, the HAM
always provides us with a family of solution expres-
sions in the auxiliary parameter /; the convergences
region and rate of each solution might be determined
conveniently by the auxiliary parameter /.

The present paper is arranged as follows. In Sec-
tion 2, we simply provide the mathematical framework
of the HAM. In Section 3, in order to illustrate the
method, three nonlinear evolution equations are inves-
tigated. Also, a comparison is made with the excat so-
lutions obtained by other methods. Finally, conclusions
are given in Section 4.

2. Homotopy Analysis Method

To illustrate the methodology of the homotopy anal-
ysis method [20-23], we consider a differential equa-
tion in the form

Nlz(x,1)] =0,

where N is a nonlinear operator, x and ¢ denote inde-
pendent variables, z(x,#) is a unknown function. For
simplicity, we ignore all boundary or initial condi-
tions, which can be treated in the similar way. By
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means of the generalizing homotopy method, Liao [18]
constructed the so-called zero-order deformation equa-
tions

(1=p)L[¢(x,t;p) — 20(x,2)] = phN[¢ (x,t; p)], (1)

where p € (0,1) is the embedding parameter, 2 # 0 a
nonzero auxiliary parameter, L an auxiliary linear op-
erator, zo(x,#) an initial guess of z(x,), and ¢ (x,z; p)
a unknown function. It is important, that one has great
freedom to choose auxiliary items in the HAM. Obvi-
ously, when p =0 and p = 1, it holds

O(x,1;0) = z0(x,1), @(x,151) = z(x,1).

Expanding ¢ (x,; p) in a Taylor series with respect to
p it follows

O(x,1:p) = 20(x,0) + Y zm(x,0)p", 2)
m=1
1.0"¢(x,1;p)

Zm(x»t) = MTMZO' (3)

The series (2) converges at p = 1 and one has

z2(x,t) = z0(x,1) + i Zm(x,1), 4)

m=1

which must be one of the solutions of the original non-
linear equation [18]. As long as i = —1, (1) reduces to

(1=p)L[(x,1;p) — 20(x,1)] + pN[§(x,2;p)] = 0, (5)

which is used in the HAM [18], whereas the solution
obtained directly, without using a Taylor series [9].
From (3), the governing equation can be deduced from
the zero-order deformation (1). Define the vector

Zn = [z0(x,8),21 (x,1),22(%,2), . . . ,z0 (x,1)],

differentiate (1) m times with respect to the embedding
parameter p, and then set p = 0 and finally divide by
m!, one has the so-called mth-order deformation equa-
tion

L[Zm(xvt) — XmZm—1 (x,t)] = hRm(mel )7 (6)
1 " IN[B(x15p)
(m—1)! opm-1

The solution of the mth-order deformation (6) is read-
ily found to be

Ry (Zm— 1 ) =

|p=0- @)

Zm (x»t) = XmZm—1 (x,t) + I’lL_l [Rm(mel )] (8)

with y,, =0form < 1, and x,,, = 1 form > 1.

3. New Applications

To illustrate effectiveness of the HAM three non-
linear evolution equations arising in physics are cho-
sen, namely the coupled Burger’s equations, Whitham-
Broer-Kaup equations, and coupled Korteweg-de Vries
(KdV) equations.

3.1. Example 1: The Coupled Burger’s Equations

Let us first consider the coupled Burger’s equa-
tions [24]

Up — Uyy — 2Uully + vy + vy = 0,

)
Vi — Vix — 2V + uvy + v, =0
with the initial condition [24]
u(x,0) =sin(x), v(x,0) = sin(x). (10)

To investigate the travelling wave solutions of (9), we
choose the linear operator

Ligls:p)) = 22LD)

with the property L[c] = 0, where ¢ is constant. By
means of (9), we define a system of nonlinear opera-
tors as follows:

Ni[¢1(x,25p), 92 (x,1:p)] =
991 (x,1;p) &1 (x,1;p)

ot ox?
d ; 0
=201 00059) P EEL 2 g 11 p)on:),

No[91(x,85p), 92 (x, 1, p)] =

I (x,1:p) 9 ha(x.1:p)
ot 0x?

_2¢2(x,t;p)w

d
+ &wh (x,1;p)92(x, 15 p)].

With the aid of the above definition, we construct the
zero-order deformation equations

(1= p)L[¢i(x,1;p) —zio(x,1)]

= phiNi[91(x,1:p), $2(x,t:p)], i=1,2.
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Obviously, in case of p=0and p =1,

01(x,2,0) =21 o(x,1) = u(x,0),
¢1(x’t 1) ( )

¢2(x,1;,0) (x,1) = 22,0(x,1) = v(x,0),
¢ (x,1;1) = v(x,1).

Therefore, as the embedding parameter p increases
from 0 to 1, ¢;(x,z;p) varies from the initial guess
zio(x,1) to the solution u(x,r) and v(x,t), fori = 1,2,
respectively. Expanding ¢;(x,#;p) in a Taylor series
with respect to p for i = 1,2 admits

¢i(x,t:p) = zio(x,0)+ Y zim(x,0)p",  (11)
m=1
amt) = L L OELP) (12)

m!  dp™

If the auxiliary linear parameter, the initial conditions,
and the auxiliary parameters /; are chosen, the above
series converges at p = 1, and one has

u(et) =210(0) + Y 2m(e), (13)
m=1
Vet = z0(et) + Y zam(e), (14)

m=1
which must be one of the solutions of original nonlin-
ear equations [18]. Defining the vectors

Zin = zio(x,1),zi1(x,1),....zin(x,0)], i=1,2,

we obtain the mth-order deformation equations

L[Zi,m (X,t) — XmZim—1 (x’t)]

(15)
= hiRi,m (Zl,m—l y22,m—1 )7

i=1,2,

Rl,m(Zl,mfl »ZZ,mfl) =

Ozim 1(6,0) 21 m1(x,1)

ot ox2

m—1 aZ] | (X t)
—2 Y g,y LoD
n=0 ox
a m—1
+3- | L antnzmialx)
X 1 n=0

R2,m (Zl,mfl »22,m—1 ) =

Oam 1(61)  Fzam 1(x1)
ot ox?
m—1

ZZ.m—l—n(xat)
-2 l A - PN/
Z 22.n(%, o

m—1

d
a_ Zzlnxr)ZZm 1— n(xr)

Then the solution of the mth-order deformation equa-

tions (15) for m > 1 admits

= XmZim—1(X,1) +hL! Rim (2t m—1,22m-1)]-
(16)

Zi,m (X» t)

Knowing the zeroth initial conditions (10) and the re-
cursive relationship (16), the rest of components are:

21.1(x,1) = hsin(x)z,
1.
z12(x,1) = Eh sin(x)t(2 +2h+ ht),
1
a13(0,1) = chsin(x)r [6+ 12h -+ 6ht + 6% + 6h*t

+ h*? — 2h% sin(x)t? — 6hsin(x)r — 6k sin(x)z

+ 2h% cos(x)1% + 6hcos(x)t + 6h? cos(x)z],

22.1(x,1) = hsin(x)z,
1

222(x,1) = Eh sin(x)t(2 +2h+ ht),
1

23(x,1) = gh sin(x)7(6 + 12h + 6ht

+ 6% + 6h*t 4 h*t?).

In the same manner the rest of the components can
obtained. Using a Taylor series with the initial condi-
tions (10), we obtain the closed form solutions of (9)
as follows:

sin(x —1)e’,

sin(x —1)e’,

u(x,t) =
v(x,1) = 1n

which are exactly the same as obtained by the varia-
tional iteration method [24] with the fixed value i =
—1/101.
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3.2. Example 2: The Whitham-Broer-Kaup Equations

A second instructive model are the Whitham-Broer-
Kaup equations [25]

U+ utty + vy + Buy = 0,

(18)
Ve + (Vi) x + Qe — By = 0,

which is a complete integrable model and describes the
dispersive long wave in shallow water. In system (18),
o, B are real constants that represent different disper-
sive powers. If a = 0,8 # 0, system (18) becomes the
approximate equations for the long wave equation. If
o =1,B =0, system (18) becomes the variant Boussi-
nesq equation. According to the HAM, we choose the
initial approximation [25]

u(x,0) = 2R/ 02 + B2tanh(&) — A,

V(x,0) = — [2R2B Vo2 + B2+2R* @ +ﬁ2} sec?(&),
& =x+At,

where A, R are constants, and the linear operator

Ligls:p)) = 22ELD)

Furthermore, via (18), we define the nonlinear opera-
tors

Ni[01(x,t;p), 2 (x,15p)] =

31 (x,1;p)  ,0°91(x,15p) Ao (x,15p)
o P e T &

d
+¢1(x,t;p)a¢1(x,t;p),
No[¢1(x,1:p), 92 (x,15p)] =

3¢ (x,13p) L P (x,15p)

PN (x,t;5p)
o P e *

ox3

+ 2 [on (e p)0n ().

With the assumption # = 1, we construct the zero-order
deformation equations

(1 _p)L[¢i(x7t;p)_Zi,O(xat)]
= phiNi[91 (x,1; p), §2 (x,7: p)],
Aslongasp=0and p=1,
01(x,1;0) = z1 o(x,1) = u(x,0)
02(x,2;0) =22 0(x,1) = v(x,0)

i=1,2.

) (Pl(x)t;l):u(x)t)a
, G(xl)=v
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Expanding ¢;(x,7; p) in a Taylor series with respect to
p fori = 1,2 admits

M(x,t):ZI.O(x,t)‘i‘ Zzl,m(xat)7 (19)
m=1
v(x,t) =z20(x, 1) + Z 22.m(x,1). (20)
m=1
The mth-order deformation equations read
L [Zi,m (x»t) — XmZim—1 (X»t)} 1)

= hiRim[21m—1,22m—1], i=1,2,
Rl,m(zl,m—laZZ.m—l) =

azzl,m—l(x,t) aZZZ,m—l(x,t)
ox2 ox

aZl,m—l(xat)

ot +h

ml 0Z1 m—1—n(x,t
+Y m,A)@ﬂ%"(),
n=0 X

R2,m (Zl,mfl »Z2,m—1 ) =

022, m—1(x,1) _ﬁazzz,mfl (01 | P zimo1alrt)
ot 2 30
0 m—1
+a ’;)Zl,n(X,t)Z;m,],n(x’t) .

Now, the solution of the mth-order deformation equa-
tions (21) for m > 1 becomes

Zim (x,t) = XmZim—1 (x,t)

+ WL Rim(zim-1,22m-1)],  (22)

i=1,2.

With the knowledge of the recursive relationship (22)
and knowing the zeroth components, the explicit forms
of [zim,z2m (i=1,2,3, m=1,2,3, m > 1)] are written
in Appendix A. For simplicity we omit them here.

The numerical behaviour of the approximate solu-
tions using the HAM is shown in Figs. 1a and 2a for
different values of x and ¢.

It should be noted that the HAM solutions are equiv-
alent to the exact solution [25]

u(x,t) =2R+\/a? + B%tanh(x+ A1) — A,
v(x,t) = —2R*Bv/ o2 + B2+ 2R*\/ o+ B2 (23)
- sec?(x+ Ar).

The behaviour of the exact solutions of u(x,7) and
v(x,t) is shown in Figs. 1b and 2b.
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(a)
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position(x)
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(b)

S - Mt e
position(x)

Fig. 1. (a) Approximate solution of u(x,#) of Whitham-Broer-Knaup equations using the HAM with fixed values of & =
—1/101, @ =1.0, B = 1.0 and A = 0.1 for different values of x and ¢. (b) Exact solution of u(x,¢) of Whitham-Broer-Knaup
equations with fixed values of h = —1/101, o = 1.0, B = 1.0 and A = 0.1 for different values of x and ¢.
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Wit

position(x)

(®)

tirme(t)

position(x)

Fig. 2. (a) Approximate solution of v(x,7) of Whitham-Broer-Knaup equations using the HAM with fixed values of & =
—1/101, @ =1.0, B = 1.0 and A = 0.1 for different values of x and . (b) Exact solution of v(x,#) of Whitham-Broer-Knaup
equations with fixed values of h = —0.01, & = 1.0, B = 1.0 and A = 0.1 for different values of x and ¢.

3.3. Example 3: The Coupled KdV Equations
In this case, the coupled KdV equations [26] read

uy = a(Uyxx + Outty) + 2bvvy, (24)

Vi = —Vyer — 3UVy,

where a # —(1/2),ab < 0, and M = (—24a/b)'/*k?,
where k is an arbitrary constant. Proceeding as before
to solve (24) by means of the HAM, we choose the
initial approximation [26]

l+a , , el
0)=— Rt —
A T (25)
Mek 24a ,
0 =Gy M=\ ok

Following the HAM to solve (24), we define the two
operators L and N; (i = 1,2) as follows:

Lp(esp) = 2D,

Ni[91(x,t:p), a2 (x,1:p)] = W
3 . .
_aa ¢la(;c-;t’p) —6Cl¢1(x,l‘;p)a¢l(;;’p)
bt (x,1:p) 3(/)2(;;;19) ,
M [¢1(x,t:p), 2 (x,t:p)] =
g (x,1:p) O a(x,11p) A2 (x.1; p)

5 T ga T3 (x»f;P)T-

The mth-order deformation equations yield

L[zi7m(x,t) — XmZim—1 (xvt)}

(26)
= hiRim(Z1m—1,22m-1),

i=1,2
Rim(Zim—1,22m—1) =

_ aszl,m—l(x»t)
ot ox3
nl 311 mflfn(xvt)
—6a Zin(x,t) —————=
n;) (x,7) e
m—1
—2b
n=0

0z m—1(x,1)

azz _1—nlx,t
Zz.n(xaf)’mTM»
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(b)

alat) 0,004

a0

position(x)

Fig. 3. (a) Approximate solution of u(x,) of coupled KdV equations using the HAM with fixed values of h = —0.01,a = —1.5,
¢=0.1,b=0.1 and k¥ = 0.1 for different values of x and . (b) Exact solution of u(x,) of coupled KdV equations with fixed
values of h = —0.01,a=—1.5,¢c=0.1, b= 0.1 and k¥ = 0.1 for different values of x and ¢.

(a)

position(x)

(b)

A

position(x)

Fig. 4. (a) Approximate solution of v(x,#) of coupled KdV equations using the HAM with fixed values of h = —0.01,a = —1.5,
¢=0.1,b=0.1 and k¥ = 0.1 for different values of x and 7. (b) Exact solution of v(x,) of coupled KdV equations with fixed
values of h = —0.01,a=—1.5,¢c=0.1, b= 0.1 and k¥ = 0.1 for different values of x and ¢.

R (2t m—1,22m—1) =

022 m—1(x,1) 33Z2.m—1(x¢)
ot ox3
m—1 a
R

The solution of the mth-order deformation becomes

Zi;m (x»t) = XmZim—1 ()C,t)

_ . (27)
+hiL 1[Ri,m(zl,m—l»ZZ,m—l)}» i=1,2.

By means of the recursive relationships (27) and (25),
the rest of the components of (21,22, (i = 1,2,3,
m=1,2,3, m > 1)] can be directly evoluted (see Ap-
pendix B). The behaviour of the approximate solutions
of u(x,t) and v(x,t) with the fixed values a = —1.5,
¢=0.1,b=0.1,k=0.1 and h = —1/101 for different
values of x and ¢ are shown in Figs. 3a and 4a. Also it
is shown from Figs. 3b and 4b that the HAM solutions
agree with the exact solution [26]

l+a 5 5 k(x+ct)
k”+4k
3+6a +

(1 + ek(x+ct))2 ’

u(x,t) = —

Mek(erct)

V(XJ) = 7(1 +ek(x+L‘f))2 .

(28)

4. Conclusion

In this paper, the homotopy analysis method (HAM)
is applied for constructing the approximate and exact
solutions of three nonlinear evolution equations arising
in mathematical physics, namely the coupled Burger’s
equations, Whitham-Broer-Kaup equations, and cou-
pled KdV equations.

The advantages of the HAM with respect to the ho-
motopy perturbation method are illustrated. The HAM
provides us with a convenient way to control the con-
vergence of approximation series, which is a funda-
mental qualitative difference in analysis between the
HAM and other methods.

It is worthwhile to mention that the HAM is straight-
forward and concise, and it can also be applied to other
nonlinear problems in science and engineering. This is
our task in the future.
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Appendix A

z10:=2vVa+ B2 tanh(x) = A, z20:=— (2B a+ B2 +2 o+ B?)sec(x)2,

211 :=2ht [~ 2 sinh(x) cos(x)* B /o + B2 +2 sinh(x) cos(x )3a+2sinh( ) cos(x)? B2
—2v/a+ B2 sin(x) B cosh(x)® —2v/a+ B2 sin(x) B cosh(x)> — /a+ B2 A cosh(x) cos(x)?]
/(cosh(x)® cos(x)?),

221 := —4ht [2 cosh(x)* cos(x) sin(x) sinh(x) Ba +2 cosh(x)® cos(x) sin(x) sinh(x) B>

+2 cosh(x)* cos(x) sin(x) sinh(x) & 42 cosh(x)® cos(x) sin(x) sinh(x) B2

—V/a+ B2 cos(x) sin(x) A B cosh(x)* — /a+ B2 cos(x) sin(x) A cosh(x)*

—3+/a+ B2 cosh(x)* +2+/a+ B2 cos(x)? B cosh(x)* +2+/a + B2 cos(x)? B cosh(x)*
—3\/mﬁ2coshx )4 + cos(x)? cosh(x)? B —2+/a + B2 a cos(x)* cosh(x)?

+ cos(x)? cosh(x)? Ba + cos(x)? cosh(x)? B> + cos(x)? cosh(x)? ot +3 /o + B2 cos(x)*]
/(cosh(x)* cos(x)*),

212 := 2ht[ — 6ht cosh(x) cos(x)* Ao+ 6ht cosh(x)® /a+ B2AB — hcosh(x)* cos(x)* /o + B2 A
+2 cosh(x )2 cos(x)* sinh(x) B2 42 cosh(x)? cos(x)* sinh(x) & — 2 cosh(x) cos(x) v/a + B2 sin(x)
— cosh(x)? cos(x)* \/a+ B2 A + 8ht cosh(x)* cos(x)? sinh(x) B> — 2k cosh(x)® cos(x) /o + B2 sin(x)
—2h cosh(x)? cos(x)* sinh(x) B /0t + B2 + 81B>t cosh(x)? cos(x)* sinh(x)

+8hPt cosh(x)? cos(x)* sinh(x) & — 828% cosh(x)? cos(x)* sinh(x) \/ﬁﬁ2

—20hB¢ sinh(x) cos(x)* ot 4 20nB% sinh(x) cos(x)* /o + B2 — 4h[3tcosh 3 cos(x)* Va+ B2 A
+6hBt cosh(x) /o + B2 A cos(x)* — 12kt cosh(x)* sinh(x) B> — ht cosh(x)? cos(x \/mﬁ sinh(x
+4ht cosh(x)® cos(x)* Aot — 6ht cosh(x) cos(x)* A2 — 8ht cosh(x)? cos(x)* \/m o sinh(x)
—4ht cosh(x)® cos(x \/m/lﬁ—i—%tcosh() cos(x)* A B2 — 2k cosh(x)® cos(x) /o + B2 B sin(x
—2 cosh(x)? sinh(x) B /o + B2 — 2 cosh(x)® cos(x) v/a+ B2 B sin(x) + 2kt cosh(x)? cos(x)? B2 sinh(x)
—12ht cosh(x)* sinh(x) & + 2ht cosh(x)? cos(x)? Ba sinh(x) + 6kt cosh(x)® /o + B2 A

—6ht cosh(x)? cos(x) e sin(x) 4 2ht cosh(x)? cos(x)? B2 sinh(x) — 6ht cosh(x)? cos(x) B2 sin(x)
—6ht cosh(x)® cos(x) Ba sin(x) + 8kt cosh(x)* cos(x)? sinh(x) Bo — 12h1 cosh(x)* sinh(x) Bor
—6ht cosh(x)? cos(x) B sin(x) 4 2kt cosh(x )2 cos( )? & sinh(x) 4 8/ cosh(x)* cos(x)? sinh(x) o

+8ht cosh(x)* cos(x)? sinh(x) B2 — 4ht cosh(x)® cos(x)? \/o + B2 A +20ht sinh(x) cos(x)* a+ B2 a
—12ht cosh(x)* sinh(x) B2 — 20hBt sinh(x) cos( Y* 4+ 2h cosh(x)? cos(x)* sinh(x) B2

+2h cosh(x)? cos(x)* sinh(x) al/( cos(x)* cosh(x)’ ).
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Appendix B

(1]
(2]
(3]

(4]
(5]
(6]

(7]
(8]

(9]
(10]
(11]
[12]
[13]
[14]
[15]

(14+a)k?>  4k*elk Mekv)

= + ) KR —
o 3460 (14 ek0)? 20T (14 clkn)

211 = —2hke ™ [~ 2ak* +22ak*e®) +48a%k* ) —22ak* KV — 4847 (k¥
+2ak*eCr) 1 b e 2p M2 e® ™ g — pM? R — 26 M2 a1 /[(142a) (1 + %9 )],

(=14 e )aetI iBmn
22,1 = (1+e(kx) )3(1+261) 5

1
200 = — Ete(k") KMh [ —48heBP* )t MPa — htk*a® — 2hak — 4ha*k + 576he ™ ta’k* + 2ake(0%¥)
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